Abstract. The present paper deals with a study of curves on a smooth surface whose position vector always lies in the tangent plane of the surface and it is proved that such curves remain invariant under isometry of surfaces. It is also shown that length of the position vector, tangential component of the position vector and geodesic curvature of a curve on a surface whose position vector always lies in the tangent plane are invariant under isometry of surfaces.
Introduction
The notion of rectifying curve was introduced by Chen [3] as a curve in the Euclidean space such that its position vector always lies in the rectifying plane, and then investigated some properties of such curves. For further properties of rectifying curves, the reader can be consulted [6] and [8] . Again Ilarslan and Nesovic [7] studied the rectifying curves in Minkowski space and obtained some of its characterization.
In [9] Camci et. al associated a frame different from Frenet frame to curves on a surface and deduced some characterization of its position vector. In [4] and [5] the present authors studied rectifying and osculating curves and obtained some conditions for the invariancy of such curves under isometry. Also the invariancy of the component of position vector of rectifying and osculating curves along the normal and tangent line to the surface are obtained under isometry of surfaces.
Motivating by the above studies of curves whose position vectors are confined in some plane, in this paper we have investigated curves on a smooth surface with position vector always lying in the tangent plane of the smooth surface. By using the Gauss equation we have deduced the component of the position vector along the tangent, normal and binormal vector in simple form. By considering isometry between two smooth surfaces it is proved that curves on smooth surface whose position vector lies in the tangent plane are invariant. It is also shown that the length of position vector, tangential component and geodesic curvature of such curves are invariant under isomerty.
Preliminaries
This section is concerned with some preliminary notions of rectifying curves, osculating curves, isometry of surfaces and geodesic curvature (for details see, [1] , [2] ) which will be needed for the remaining.
At every point of an unit speed parametrized curve γ(s) with atleast fourth order continuous derivative, there is an orthonormal frame of three vectors, namely, tangent, normal and binormal vectors. Tangent, normal and binormal vectors are denoted by t, n and b. They are related by the Serret-Frenet equation given as
where κ and τ are respectively the curvature and torsion of γ(s). Rectifying, osculating and normal plane is generated by { t, b}, { t, n} and { n, b} respectively. Curves whose position vector contained in rectifying, osculating and normal plane are respectively called rectifying, osculating and normal curves. 
Then κ g and κ n are respectively called the geodesic curvature and normal curvature of γ(s) on S given by the following:
3. Curves on a surface whose position vector lies in the tangent plane
Let S be a smooth surface and φ be a surface patch at any point p ∈ S. Let γ(s) be an unit speed parametrized curve in φ passing through p ∈ S. Then the tangent space of S at p is generated by two linearly independent vectors φ u and φ v , where φ u = ∂φ ∂u
be a curve on S whose position vector lies in T γ(s) S then the equation of γ(s) is given by
where λ(s) and µ(s) are two functions of s.
Differentiating equation (3.1) we get
The Gauss Equation for the surface patch φ of S with normal vector N is given by
where {L, M, N} are the coefficients of the second fundamental form of S, and the Christoffel symbols Γ k ij are given by
where {E, F, G} are the coefficients of the second fundamental form of S. Using equation
i.e.,
where A 1 , A 2 and A 3 are respectively given by
But the tangent plane is generated by φ u and φ v , hence
So the tangent vector of γ(s) is given by
Here we consider that the curvature κ of γ is always positive. The normal vector n is given by
where B 1 , B 2 and B 3 are respectively given by
Now the binormal vector b of γ(s) is given by 
(
ii) The tangential component of the position vector of the curve γ(s) is given by
t, γ = λA 1 E + (λA 2 + µA 1 )F + µA 2 G.
(iii) The normal component of the position vector is given by
n, γ = 1 κ (λB 1 E + (λB 2 + µB 1 )F + µB 2 G).
(iv) The component of the position vector along binormal vector is given by
where {A 1 , A 2 , A 3 } and {B 1 , B 2 , B 3 } are described in equations (3.3) and (3.4) respectively.
Proof. Let γ(s) be an unit speed parametrized curve on S whose position vector lies in the tangent plane T γ(s) S and curvature κ > 0. Then
Which proves (i).
The component of γ along the tangent vector is obtained as
where A 1 , A 2 , A 3 are given in equation (3.3) . This proves (ii).
We also find the component of γ along the normal vector, which is given by
where B 1 , B 2 , B 3 are given in equation (3.4) . Hence statement (iii) is proved.
Again the component of γ along the binormal vector is given by
where A 1 , A 2 , A 3 , B 1 , B 2 , B 3 are given in equation (3.3) and (3.4). Thus statement (iv) is proved.
Now suppose thatS is an another surface isometric to S and f : S →S is the isometry.
Then the curve f • γ(s) inS is expressed as 
where {L, M, N} and {L,M,N} are the coefficients of the second fundamental form of S andS respectively. Proof. Let f : S →S be an isometry. Since φ(u, v) is a surface patch for the surface S at p,
is also a surface patch forS . Suppose {E, F, G} and {Ē,F,Ḡ} are the coefficients of first fundamental forms of φ andφ respectively. Then we have
Differentiating first relation of equation (3.7) we get
Now using (3.7) we have
Hence the statement (i) is proved. This proves (ii).
Sinceγ is also a curve whose position vector lies in the tangent plane T f (p)S ofS, hencē κ g = (B 1Ā2 −B 2Ā1 )(F 2 −ḠĒ).
SinceB 1 andB 2 are the functions ofĀ 1 ,Ā 2 ,Ā ′ 1 ,Ā ′ 2 and Christoffel symbols, so by using the equations (3.7), (3.8) and (3.9) we can say thatB 1 andB 2 are invariant under the isometry f .
In view of (3.7), the last equation yieldsκ g = κ g , which proves (iii).
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